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Abstract. We construct the Gromov-Witten invariants of moduli of stable 
morphisms to with fields. This is the all genus mathematical theory of the 
GufJin-Sharpe-Witten model, and is a modified twisted Gromov-Witten invari- 
ants of P*. These invariants are constructed using the cosection localization 
of Kiem-Li, an algebro-geometric analogue of Witten's perturbed equations in 
Landau-Ginzburg theory. We prove that these invariants coincide, up to sign, 
with the Gromov-Witten invariants of quintics. 

1. Introduction 

The Candelas-dela Ossa-Green-Parkes' genus zero generating function [Ca] of the 
Gromov-Witten invariants of quintic Calabi-Yau threefolds was proved by Givental 
[Gi] and Lian-Liu-Yau [LLY]; the genus one generating function of Bershadsky- 
Cecotti-Ooguri-Vafa's [BCOV] was proved by Zinger [Zi]. Both proofs rely on the 
"hyperplane property" of the Gromov-Witten invariants of quintics, which expresses 
the invariants in terms of "Euler class of bundles" over the moduli of stable mor- 
phisms to P''. The hyperplane property for genus zero was derived by Kontseviech 
[Ko]; the case of genus one was proved by Li-Zinger [LZ]. This paper is our first 
step to build such a theory for all genus Gromov-Witten invariants of quintics, and 
beyond. 

In this paper, we introduce a new class of moduli spaces: the moduli of stable 
morphisms to with fields. These moduli spaces are cones over the usual moduli 
of stable morphisms to P*; they are not proper for positive genus. We use Kiem-Li's 
cosection localized virtual cycle to construct their localized virtual cycles, thus their 
Gromov-Witten invariants. Applying degeneration, we prove that these invariants 
coincide (up to signs) with the Gromov-Witten invariants of the quintics. 

We briefly outline our construction and the main theorem. Given non-negative 
integers g and d, we form the moduli A^g(P'*, 6?)^* of genus g degree d stable mor- 
phisms to P^ with p-fields: 

Mg{^\dY ^ {[u,C,p] I [^i,C]G^?g(P^d), per(C,u*^p4(-5)®LJc)}/-. 

Here A^g(P^, d) is the moduli of degree d genus g stable morphisms to P^. 
It is a Deligne-Mumford stack; forgetting the fields, the induced morphism 

has fiber iJ°(u*^p4(-5) ® ujc) over [u, C] G 'Mg{¥'^,d). When g is positive, it is 
not proper. 

The moduli space A4g(P'*, dY has a perfect obstruction theory, thus has a virtual 
class. To overcome its non-properness in order to define its Gromov-Witten invari- 
ant, we construct a cosection (homomorphism) of its obstruction sheaf. The choice 
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of the cosection depends on the choice of a degree five homogeneous polynomial, 
like w = xl + . . . + x^. The non-surjective loci (called the degeneracy loci) of the 
cosection associated to w 

is 

Mg{Q, d) c A7g(P^ d)P, Q = {xl + ... + xl = 0)c¥^, 
which is proper. Applying Kiem-Li cosection localized virtual class construction, 
we obtain a localized virtual cycle 

We define the Gromov-Wittcn invariant of Aig(F'^, dy be 

Ng{d)l.=deg[Mg{F\dY]t. 

(We also call them the Gromov-Witten invariants of the space [Kfi^'w).) 

It relates to the Gromov-Witten invariants the quintic Q: 

Theorem 1.1. For g >0 and d> 0, the Gromov-Witten invariant of Adg{W^,dy 
(or {K]p4,-w)) coincides with the Gromov-Witten invariant Ng{d)Q of the quintic Q 
up to a sign: 

Ngidf^. = i-lf'^+'-ONg{d)Q. 

When g = 0, this is derived in Guffin-Sharpe [GS] using path- integral. This 
identity also is the Kontsevich's formula on <; = Gromov-Wittcn invariants of 
quintics. If one views the localized virtual cycle of Aig{P'^,d)P as "Euler class of 
bundles" , this theorem is a substitute of the "hyperplane property" of the Gromov- 
Witten invariants of quintics in high genus. 

We believe this construction will lead to a mathematical approach to Wittcn's 
Gauged-Linear-Sigma model for all genus. In [Wil], Witten constructed a (gauged) 
topological field theory (for g = 0) whose target is the stacky quotient [C^/C*] (of 
weights (1, 1, 1, 1, 1, —5)) with a superpotential, say w. This theory has two GIT 
quotients: one is {Kp4.,w), called the massive theory; the other is ([C^/Z5], w). 
called the linear Landau-Ginzbcrg model. "'^ Witten proposed to A-twist both mod- 
els: the A-twist of (i^p4, w) likely is a theory of moduli of stable quotients, and the 
resulting theory is of Landau-Ginzburg type. The ^- twist of ([C^/Zs], w) is related 
to the generalized Witten conjecture [Wi2] for ^4 = (C,x^). 

The program proposed in [Wil] provides a possible road map towards an all 
genus mathematical theory linking the Gromov-Witten theory of quintic to the 
Landau-Ginzberg model of ([C'''/Z5], w). A bolder speculation is that there is a 
geometric mirror construction identifying the A-twisted topological string theory 
of ([C^/Z5], w) with the B-side invariants of its Landau-Ginzburg Mirror. 

In [FJRW], Fan, Jarvis and Ruan constructed the virtual cycle of the ^-twisted 
topological string theories of the linear Landau-Ginzberg model of ([C^/Z5],w); 
their construction is via analytic purtubation of Witten's equation. Later, Ruan 
and Chiodo proved [CR] the genus zero mirror symmetry for ([C^/Z5],w) and its 
mirror. 

For massive theory of {Kp4,w), Marian, Oprea and Pandharipande constructed 
the moduli of stable quotients [MOP], which is believed to be an example of massive 



Linear Landau-Ginzburg model means the space is the orbifold quotient of an affine spa<;e. 
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instantons. It is interesting to see how the invariants of A-twisting the construction 
in [MOP] relate to the invariants of the massive instantons in {Kr* , w) in Witten's 
program. 

Using Super-String theories, GufHn and Sharpe constructed a special type of 
genus zero Landau- Ginzberg model for {Kp4,w), and equated it with the genus 
zero Gromov-Witten invariants of the quintic Q [GS]. The notion of p-fields was 
introduced in this work. Using non-perturbative localization of path-integral, they 
reduced this theory to the genus zero Gromov-Witten invariants of quintics. Since 
this follows Witten's Gauged-Linear-Sigma-Model program, we call this construc- 
tion the GufRn-Sharpe-Witten model. 

Our work is an algebro-geometric construction of GufRn-Sharpe-Witten model 
for all genus. The moduli of stable morphisms with p-fields is the algebro-geometric 
substitute of the phase space of all smooth maps with smooth fields. The cosection 
localized virtual cycle is the analogue of Witten's perturbed equation. Theorem 1.1 
shows that the Gromov-Witten invariants of the algebro-geometric GufRn-Sharpe- 
Witten model of all genus coincide up to signs with the Gromov-Witten invariants 
of quintic threefolds. 

Our construction applies to global complete intersection Calabi-Yau threefolds of 
toric varieties. In the subsequent papers, we will apply the techniques developed to 
the moduli of stable quotients (cf. [MOP]) to obtain all genus invariants of massive 
theory of {Kp4, w) [CL]; wo will also apply it to the linear Landau-Gingzbcrg model 
to obtain an alternative algebro-geometric construction of Fan- Jarvis-Ruan-Witten 
invariants [CLL] . In the later case, the resulting invariants are equal to those 
defined using perturbed the Witten equations [F JRW] . 

We believe the new invariants and their equivalence with the Gromov-Witten 
invariants of quintics provide the first step toward building a geometric bridge es- 
tablishing the conjectural equivalence; of Gromov-Witten invariants of quintics and 
the Fan- Jarvis-Ruan-Witten invariants of ([C^/Zs], w). Constructing such bridge 
will be the long term goal of this project. 

Acknowledgement. The first author thanks E. Sharpe for his lecture on topologi- 
cal field theory in the university of Utah, summer 2007. He also thanks B. Fantechi 
for explanation about details in the paper [BF] during the first author's stay in 
SISSA, Trieste as a postdoctor during 2007-2009, and thanks Y-B. Kuan for his 

lectures and generous discussion introducing to him the Landau Ginzburg theory. 
The second author is partially support by NSF grant. 

Conventions. In this paper, the primary focus is on moduli of stable morphisms 
with fields to P^, to a smooth quintic Calabi-Yau Q CW"^ defined by ^ a;? = 0, and 
a deformation of to the normal cone to Q C P^. 

Throughout the paper, we fix a homogeneous coordinates [a;i, . . . , x^] of P"*, with 
Xi e H°{F^, ^(1)) and ^(1) := ^p4(l). We denote by N the normal bundle to Q 
in P"*. Using the defining section = 0) obtain a canonical isomorphism 

In this paper, we will fix positive integers g and d throughout. We will use 

(/, C) with subscripts to denote the universal families of various moduli spaces. For 
instance, after abbreviating V = Mg{P'^,d)P, the universal curve and map of V is 
denoted by 

(/p,7rp):Cp^P*xP. 
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For any locally free sheaf .Sf on C, wc denote by Vb(^) the underlying vector 
bundle of namely, the sheaf of sections of Vb(^) is ^ . 

In this paper, we will use fonts E, etc. to denote derived objects (of complexes). 
We reserve Ljs^/y to denote the cotangent complex of X — F; we denote by T^/r 
its derived dual T^/r = L^^-j^, called the tangent complex oi X ^ Y . We use 
(t>xiY '■ Tx/y Ex/F to denote a relative obstruction theory of X — )• F, following 
Behrend-Fantechi [BF]. 

Without causing confusion, all pull back of derived objects (resp. sheaves) are 
derived pull back (resp. sheaves pull back) unless otherwise stated. 

2. Direct image cones and moduli of sections 

In this section, to a locally free sheaf £ over a family of nodal curves tt : C 2t 
over an Artin stack 21, we will construct its direct image cone C(7r*£), and its 
relative obstruction theory. 

2.1. Direct image cones. Let 21 be an Artin stack, tt : C 21 be a flat family of 
connected, nodal, arithmetic genus g curves, and a locally free sheaf on C. 

Definition 2.1. For any scheme S, we define C{-n^^){S) be the collection of{p,p) 
so that p : S ^ % is a morphism and p € H°{Cs, p*^), where Cs = S Xf^i C and 

p*^ = ^Xff, ffcs- 

An arrow from {p,p) to {p',p') in C(7r*.if )(5') consists of an arrow t : Cs ^ Cs 
in 21(5) such that under the induced ismorphism t* p'*^ = p*^ , p = T*p' . Given 
S S', we define C(7r*^)(5') ^ C{'k^^){S) by pull back. 

We show that C(7r*.if ) is a stack over 21. Given a module !F, we denote by SymJ" 
the algebra of symmetric product of 

Proposition 2.2. Let the notation be as in Definition 2.1. We have canonical 
%-isomorphism 

C{tt,^) ^ Specg, Symi?i7r4^^ (g) wc/a)- 
Proof. For any scheme S and a morphism p : 5 ^ 2t, we let 

C(7r,if)(p) = {{p,p) I p G if°(C5,p*if)} - r(Cs,p*=S^). 
We define a transformation 

(2.1) C(7r*if)(p) Homs(S', Spec^ Symi?V*(.if^ (g) wc/a) Xa S) 

as follows. We let ^ = R'-n*{Ji'^ <8>wc/2i)- Given a p : 5 — >■ 2t, an S-morphism 
S — > Spec2i Sym^ xa 5" is given by a morphism of sheaves of ^a-algebra 

Sym^ ^S, 

which is equivalent to a morphism of sheaves of ^a-modules 

Here we have used the base change property of -R^tt*. 

Applying Serre duality [Co] to the complete intersection morphism tts : Cg — >■ S, 
we obtain 

Homs(i?i^s,(ifs^ ® c^C/s), Gs) = r(Cs,^s). 
This defines the transformation (2.1). It is direct to check that this is an isomor- 
phism, and satisfies base change property. This proves the Proposition. □ 
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2.2. Moduli of sections. One can also construct the direct image cone via the 
moduli of sections. Let C — > 21 be as in Definition 2.1; let Z — >■ C be an Artin 
stack such that the arrow Z ^ C is representable and quasi-projective. We define 
a groupoid 6 (with dependence on Z implicitly understood) as follows. 

For any scheme S' ^ 2[, we denote C5 = C Xa 5* and Zs = Z XqCs; we view Zs 
as a scheme over Cs via the projection tts : Zs Cs- Wc define 

6(5*) = {s : Cs ^ Zs \ s are Cg-morphisms}. 

The arrows are defined by pull backs. 

Proposition 2.3. The groupoid & is an Artin stack with a natural projection to 
21. The morphism © — >■ 2t «s representable and quasi-projective. 

Proof. This follows from the functorial construction of Hilbert scheme and that 
Z — > C is representable and quasi-projective. □ 

Corollary 2.4. Let n : C % be as in Definition 2.1, and let Z = Vb(^), 
which is the underlying vector bundle of the locally free sheaf Then canonically 
C{'iTi,^) = & as stacks over 21. 

2.3. The obstruction theory. We give the perfect obstruction theory of 6. Let 
Z — >■ C — >■ 21 be as in Proposition 2.3. Let 7re : Ce — 6 be the universal family of 
& and let e : Ce — >■ .E be the tautological evaluation map. Namely, {ne ,e) : Ce ^ 
& X Z is the universal family of &. 

As mentioned at the end of the introduction, we let Tg /21 be the tangent complex 
of © — >■ 21, which is the dual of the cotangent complex Lg/a- 

Proposition 2.5. Let the situation be as stated. Suppose Z ^ C is smooth, then 
© — >^ 21 has a perfect relative obstruction theory 

<Pe/m. '■ Te/a — > ^e/m. '■= R*ne*e*fl2/c- 

Proof. By our construction, we have the commutative diagrams 

© < Ce — ^ Z 

(2.2) 

21 i C — ^ C, 

where the left one is Cartesian. Applying the projection formula to 

(2.3) TrgTe/a = ^Ce/c — > ^*^z/c = i*^z/C' 
and using 

we obtain 

(2.4) (l>e/m. ■ Te/a — > ^e/m. '■= R*'!Te*t*dz/c- 

We claim that /21 is a perfect obstruction theory. 

We prove this by applying the criterion in [BF, Thm 4.5]. Given an extension 
T c T' by ideal J with = 0, and a commutative diagram 



(2.5) 



T © 



T' -^-^ 21, 
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we say that m hfts to an m' : T' — > 6 if m' fits into (2.5) to form two commuting 
triangles. 

By standard deformation theory, the diagram (2.5) provides a morphism 

Tt^*Le/a — > ^T/T' — > ^T/T' ~ '^[■'-]' 
which gives an element 

(2.6) zu{m) e ExtT(m*Le/a, J) = H\T,m*Te/<^ J). 
Using the morphism in (2-4), we obtain the homomorphism 

: ifi(r,m*Te/a J) H\T,m*Ee/<^ J). 

We define 

ob(r,T',m) := (j)'{zu{m)) £ H^{T, m*Ee/m (^e^ J). 

To prove that 4>e/f^ is a perfect relative obstruction theory, by the criterion in 
[BF, Thm 4.5 (3)], we need to show 

(1) ob(T,T',m) = if and only if m in (2.5) can be lifted to m' : T' -)■ C; 

(2) when ob(T, T',m) = 0, the set of liftings m' : T' — >■ £ form a torsor under 

ffO(T,m*E£/2i(8)€?r J). 

We now verify (1) and (2). Pulling back C to T and T' via m and n, we obtain two 
families ttt '■ Ct ^ T and ttt' '■ Ct' — >■ T'; pulling back e to T, we have evaluation 
map Ct : Ct — > Z. Let 

K : H\T,m*Ee/^ J) ^ H\T, R'7rT*{tT^z/c ^ ^tJ)) 

be the canonical isomorphism defined by the definition of Eg/a (cf- (2.4)). 
Using the standard property of cotangent complex, the commuting square 

Ct Z 

(2.7) j 

Ct' C, 
where n is the lift of n in (2.5), induces homomorphisms 

Their composite associates to an element 

ro(eT,^,C) e i?i(CT,e^f2^/c OttI^J) ^ iJ^(T, ii*7rT*(e^fi^/c ® ^t-^))- 

By Lemma 6.5, vD{eT-, Z,C) = Q if and only if (2.7) admits a lifting Ct' — > Z. 

As (2.7) is the composition of (2.5) with (2.2), zu{eT,Z,C) = K{(j)'{zu{m))). Thus 
ob(T, T', to) = if and only if (2.7) has a lifting, which is equivalent to that m lifts 
to an m' : T' — > 6 in (2.5). This verifies criterion (1). 

Finally, when ob(T, T', m) = 0, any two liftings Ct' — >■ Z differ by a section in 
H°{Ct, Ct^z/c ®t^tJ)^ and vice versa [II, Thm 2.1.7]. This proves the criterion 
(2). These complete the proof of the Proposition. □ 
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2.4. Moduli of stable morphisms. Using the stack £)g of curves with hne bun- 
dles, this construction provides a different perspective of the moduli of stable mor- 
phisms to a projective scheme. 

Definition 2.6. We define D g be the groupoid associating to each scheme S the set 
1)g{S) of pairs (Cs,^^), where Cs S is a flat family of connected nodal curves 
and I£s is a line bundle on Cs of degree d along fibers of Cs/S. An arrow from 
(Cs, ^ifj) to {C'g, J^fg) consists of a pair (p, r), where p : Cs ^ C'g and r : p*^s ~^ 
are S isomorphisms. 

It is easy to show that 2)g is a smooth Artin stack. By forgetting tlic line bundles 
one obtains an induced morphism Tig — > OJlg, where Tig is the Artin stack of all 
connected genus g nodal curves. For any ^ = (C, L) G the automorphism group 
of ^ relative to Tig, (i.e. automorphisms of L that fix C,) is C*. We denote by 
(Cj) ,jCxi ), with TTjjg : Cjjg — > Dg implicitly understood, the universal family of 

We now let X C P" be a projective scheme. For the integer d given, (the 
integer d will be fixed throughout this papcir.) we have the moduli of genus g and 
degree d stable morphisms to X: A4g{X,d,). We now present it as a moduli of 
sections. We keep the homogeneous coordinates [xi, . . . , Xn+i] of P" mentioned in 
the introduction. The choice of [xi] provides a presentation 

(2.8) P" = A^+^VC*, A"+^* := A"+^ - 0. 
We form the bundle 

Vb(.if®("+^))* = Vb(^®f"+^)) - Oc,^, 

where Ocj,^ is the zero section. Using the C*-equivariance of the projection A"+^* — > 
P" induced by (2.8), we obtain a canonical morphism 

* : Vb(.if®^^"+^V — ^P"- 

We let 

Zx = Vb(^®f"+^')* xp„ X c Vb(^®^("+^V- 
We let &x be the stack of sections constructed in Subsection 2.2 with Z replaced 
by Zx- 

Proposition 2.7. There is a canonical open immersion of stacks A4g{X, d) &x, 
as stacks over fXftg . 

Proof. For notational simplicity, in the remainder of this Section, we abbreviate 
Y = Mg{X, d), and denote by (/y. Try) : Cy ^ X xY the universal family. Pulling 
back ^(1), we obtain jSfy = /^^(l); pulling back the homogeneous coordinates Xi, 
(viewing Xi £ _ff"(P", ^pn(l))), we obtain m = fyXi- Since fy has degree d along 
fibers of Cy/Y, {Cy,.^y) defines a morphism 

(2.9) \:Y = Mg{X,d)^T)g■ 
smce fy{Cy) C X, (wi, . . . ,Un+i) defines a section Y — > Yh{Sf^^"'~^^^) x^^ Y (of 
Y) that factors through a section 

^-.Y^ZxX^^ Y. 
This defines a morphism Y ^ &x- 



8 



HUAI-LIANG CHANG AND AND JUN LI 



It is direct to check that this is an open iniinersion, and is a morphism over OJtg. 
This proves the Proposition. □ 

It is worth comparing tlie relative obstruction theory ^y/Sg of Mg{X, d) — >■ Dg 
constructed using Subsection 2.3 with the relative obstruction theory (py/Mg of 
Mg{X,d) OJtg given in [BF]. 

Following the notation before Proposition 2.5, we have an evaluation map ey '■ 
Cy — > Zx- The induced morphism ny'^y/^^ = Tc^/Cng ~^ ^r'^Zx/c^g induces 

Applying Proposition 2.5, ^y/Sg is a perfect relative obstruction theory of F — >■ Dg. 

Lemma 2.8. Suppose X is smooth. The relative obstruction theories fpY/Vg ^fid 
(t'Y/Tig ^'^e related by a morphism of distinguished triangles 

R*'Ky^&c^ > > Ey/OTg — ^ 



<t>Y/^g 



+ 1 



A*T2)g/OT<,[-l] > Ty/Sg y TTy/OTg 

Proof. Let Cgjtg be the universal curve on 9Jtg; let 

Xm ■ Zx — ^ C^g X X 

be the morphism so that its first factor is the composite Zx — >■ Cxig — >■ C<xftg, and 
the second factor is the natural projection. Let 

/ : Cy — > Cgjig X X 

be the composte of zy : Cy Zx with xm '■ Zx — >■ Cyjig x X. Note that the first 
factor of / is the canonical projection induced hy Y ^ Dg ^ DJlg-, its the second 
factor is fy. 

Taking the tangent complex relative to fXflg, we obtain 

TTyiy/OTg = ^Cv/Cmg ^CmgXX/C<mg =Jy-'-X- 

This induces 

4>Y/mg '■ Ty/OT, > ^Y/Wg '■= R*T^*fYTx, 

which is the perfect relative obstruction theory of y — )■ DJlg defined in [BF] . 

We let xd '■ Zx C^^ x X be defined similar to xm, and let g : C^ig x X ^ 
CjOTg X X be the projection. Note that g o xd = Xm- By the construction, we have 
the commutative diagrams 



(2.10) 



Zx C2,„ x X Cot, X X 



Po 



It induces an exact sequence of locally free sheaves 

— ^ '^Zx/c^gxx — > Tz^/c^ — X*dTc^ xx/c^ — > 0. 
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Since xd is a C*-principal bundle, (^Zx — ^^x/Cd^xx- Also we have canonical 
isomorphism xh^c^, xx/c^^ = xlfTc artgXX/Cartp- '■ Cy Cjjg be induced 

by A. The above sequence fits into a morphism of distinguished triangles 



where the left vertical arrow is the composition 

A*Tcj,^/Cot^ = tyXh'^lTcsg/C.mg - ^vXh'^C^gXX/CmgXX — > ^y'^Zx/C^gXxi'i-], 
where the last arrow is given by the distingiiishcd triangle of contangcnt complexes 
associated to the top row of (2.10). Here the commutativity of squares in the above 
diagram can be checked by diagram chasing using (2.10)). 

Therefore we have a homomorphism of distinguished triangles 

+1 . 



R*7VY*^Cy ^ ^Y/T)g > ^Y/Mg 



't'Y/^g 



Y/mg 

+ 1 



A*T2)^/rprjg[-l] > > Ty/rprj, 

By the property of contangent complex of Picard stacks the left vertical arrow of 
the above diagram is an isomorphism. □ 

Let \Y/'S)gY" and [F/SOtg]^'"' e be the virtual cycles using the respective 
perfect relative obstruction theories. 

Corollary 2.9. We have identity 

Proof. Applying [BF, prop 2.7] to Lemma 2.8, we obtain a diagram of cone stacks 



(<PY/Sg)* 



(01-/™,) 



/iV/^0(A*Ts,,/otJ-1]) > h^/h\TY,^g) /iV^°(TY/OT,) 

of which the two rows are exact sequence of abelian cone stacks. Applying ar- 
gument analogous to the second line in the proof of [KKP, Prop 3], one checks 
{9 lat)* [Cy/ mi g) = Cvg/mf Hence is a quotient of bundle stacks such that 
0*{CY/<mg) = C'y/Sg- By projection formula 

[Y/DgY" = [Y/MgY" e A,Y. 

This proves the Corollary. □ 

3. GROMOV-WITTEN invariant of THE GSW MODEL 

In this section, we will construct the moduli of stable morphisms to coupled 
with p-fields. We will construct its localized virtual cycle, using Kiem-Li's cosection 

localized virtual cycles. We define its degree be the virtual counting of stable maps 
to with p-field. This class of invariants is a generalization of genus zero Guffin- 
Sharpe-Witten model {Kf,4,Wf.i) [GS]. 
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3.1. Moduli of stable maps with p-fields. Let A4g(P^, d) be the moduli of genus 
g degree d stable maps to P''. For the moment, we denote by {JmtCmtT^m) be the 
universal family of A^g(P'^, d), and = fti^i^) the tautological line bundle. We 
form 

and call it the auxiliary invertible sheaf on A^g(P^,(i). 

We define the moduli of genus g degree d stable morphisms with p-fields be the 
direct image cone: 

(3.1) V ■.= JAg{^\df ■.= C(t:m.1^m)- 

(We abbreviate it to V, as indicated above.) 

Like before, we can embed V into the moduli of sections for a choice oi Z ^ Dg. 
Let [xi , . . . , 0:5] be the homogeneous coordinates of specified in the Introduction. 
Let 

be the universal map of V. We let J^fp = /^^(l) the tautological invertible sheaf; 
let = (g) ij^c-pIV be the auxiliary invertible sheaf, and let 

(3.2) per(Cp,^7') and m = f^Xi eT{Cr,^r) 

be the universal p-field and the tautological coordinate functions, respectively. Note 
that {C-p,^-p) induces a morphism V ^ Dg so that {C-p,^-p) is isomorphic to the 
pull back of (Cs)g, jSfsJ. 

Using the line bundle jSfjj^ on C^g and its auxiliary invertible sheaf 

we form the bundle 

Z Vb(^®5 © J 
over Cj)^. Then the section ((ui)f^;^,p) defines a section of 

2 'Xcsg Cv — > C-p. 

This section induces a Cs^^-morphism C-p ^ Z Xc^,^ C-p. Composed with the pro- 
jection Z x-xigV ^ Z, we obtain the evaluation morphism over Cjj^: 

(3.3) i:Cv — y Z. 

Proposition 3.1. The pair V ^ 'Z)g admits a perfect relative obstruction theory 

4>-PI^^ : Tp/s^ Ep/s^ := Wt^vA^®^ ® ^v)- 

Proof. The proof follows from Proposition 2.5 applied to the (evaluation) morphism 
c, using that ^"i/c^^ = ® ^^g- ° 

3.2. Constructing a cosection. We define a multi-linear bundle morphism 

5 

(3.4) h, : Vhi^i^ © J Vb(u;c,^/s),), h^{z,p) = p -^zf, 

i=l 

where {z,p) = ((-Zi)f^i,p) G Yh{^§^ © ^Vg)- This map is based on the dual- 
pairing ® ^j,^ ^ ^Cs^/J),- 
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The morphisni hi induces a homomorphism of tangent complexes 



In explicit form, for any closed ^ G C-p and {z,p) G Vh{Ji'§^ © -^Sg)!?, dhi\(^z,p) 
sends 

to 

5 5 

(3.5) rf/ii|(^,p)(i,p) = - P + P • 5^5^,^ - Zi. 

i=l i=l 

On the other hand, by pulling back dhi to C-p via the evaluation morphism e (cf. 
(3.3)) one has (homomorphism and canonical isomorphisms) 

Because the right hand side is canonically isomorphic to i^CvlVi applying R't^-p*, 
we obtain 

(3.6) ^1 '■ ^-P/Sg — ^ -R*'rp*(«*/ii^vb(wcj, /Dg)/Csg) - R''^v*{^c-p/r)- 
We define 

(3.7) ai := H\<jI) : Obr/^^ = //^(Ep/^J R\v*{'^Cv/v) = ^V- 
By Proposition 3.1, cti is in the form (of homomorphism of sheaves) 

(71 : 06p/2)g = R^-Kv*^®^ e R^-Kv*^v 

3.3. Degeneracy loci of the cosection. We give a coordinate expression of the 

coscction 0"!. Wc denoting by = /pXi and p G r(Cp, !^-p) be the tautological 
section of V . Take any ctalc chart T —i' V, and let Ct ~ C-p XpT. For 

p € ir^(CT, .^p) and u = (Ui)ti e H\Ct, ^^''), 

we define 

5 5 

(3.8) C(P, w) := 5p ■ 5^ «^ Ui + [Y, ) ■ P. 

i=l i=l 

where p and Ui are the pull back of p and Uj to Ct, respectively. The expression 
(3.8) is an element in i?^7rp*(a;c-p/7') ®&-p — ^t- 
One checks that this defines a homomorphism 

C : i?i7rp*=^®5 © R^np.^p ffp. 

Lemma 3.2. The two homomorphisms C and ui coincide. 

Proof. This follows from the explicit expression of dhi in afHne coordinate gener- 
alizing the expression (3.5). It is straightforward. □ 

Definition 3.3. We define the degeneracy loci of ai be 

-D(o-i) = 1^ e P I (7i|£ : Obp/^^ k(^) — > k(0 mms/ies |. 
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Following our convention, we dnote by Q C P** the quintic threefold defined by 
X]a;f =0. We let Mg{Q,d) be the moduh of genus g degree d stable morphisms 
to Q. Using Mg{Q,d) C Mg{F'^,d), we obtain embedding 

MgiQ,d) CMg{¥\d) C P, 

where the second inclusion is by assigning zero p-ficlds. 

Proposition 3.4. The degeneracy loci of ai is A4g{Q,d) C V; it is proper. 

Proof. Let C = {C,L,(P,p) e V, where = {(t>i)^^i G H"{C,L®^). The restriction 
of (Ti = C to ^ takes the form (Ti\^{p, (j)) — 5p'^(j)j(j)i + J2 't'^P- 

Suppose "^^f ^ 0' then by Serre duality, we can find p e H^{C,L~^^ (8)Wc) so 
that X;0f 7^ £ H^{C,ujc). Letting 0^ = 0, we obtain ctiIj ^ 0. 

Suppose X) 0f = and p 7^ 0. Then since ipi have no common vanishing locus, 
for some k, p ■ (pf. ^0. By Serre duality, we can find a (pk so that p ■ (f)\ ■ 4>k 7^ 
G H^{C,ujc). By choosing other 0^ = 0, wc obtain the surjectivity of cri|^. This 
proves that the degeneracy loci (i.e. the non-surjective loci) of cti is the collection 
of (C, L, (j),p) such that E <^f = and p = 0. This set is Mg{Q, d) CV. □ 

3.4. The cosection factorizes. Let q : V Sg he the tautological morphism. 
We form the distinguished triangle 

(3.9) g*Ls,, hr/v, q*^v, [!]• 

Composing (j)-p : T-p E-p with the dual of 5 in the above distinguished 
triangle, we obtain the morphism 

<l>p/s, ° ■ 9*Tsg — > Tp/2) Jl] — > Ep/x,Jl]. 

Denoting rj = H°{(j)-p/x)g ° S^), we obtain the composite 

(3.10) T] : q*Ts^ H\Tr/s,) H\Er/v,) = Obp/^^. 

Following the construction in [KL2, (4.3)], the cokernel of (3.10) is the absolute 
obstruction sheaf of P, which we denote by Ob-p . 
In this subsection, we show 

Proposition 3.5. The cosection ai : Ob-p^j)^ Gp lifts to a ai : Ohp — ^ ^-p. 

Wc continue to use the notation developed in the proof of Proposition 3.1. 

Lemma 3.6. The following composition is trivial: 

= H\al o ^p/^J : H\Tp/sJ^H\Kp;^J~^R\p,ujc^;p. 

Proof. Using the universal curve ttxi^ : C^^ Dg of Dg, we introduce the direct 
image cone C^j = C{''^*^c^g/'Sg)'i we denote by Vb(a;cj,^/2)g) the underlying bundle 
of LJc^g/vig ■ Let Cc^ = Cajg Xj)^ C^, be the universal curve over <t^, and ttc^ : C^^ — >■ 
£aj be the projection. 

Continue to denote by {f-p,C-p,^-p) the universal family of P, and using u, = 
fpXi G T{Cp, ^p) and p G T{C-p, ^p) the universal coordinate functions andp-field 
(cf. (3.2)), we form 

e := p • (uf + . . . + u;^) G T{Cp.,ujc^/p). 

It defines a morphism : P ^ so that if we denote by $e : Cp — >■ Cc^ the 
tautological lift of $e using that both C-p and C^^ are pull backs of Cs) , and denote 
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by e and e' the evaluation morphisms as shown, we have a commutative diagram 
of morphisms of stacks over Cs : 



(3.11) 



hi 



Ce^ — - — > Vb(wcBg/sJ- 
Here hi is defined in (3.4). This shows that the square below is commutative 



(3.12) I 



dhi 



Applying R^n-p^ to the lower horizontal arrow we obtain the obstruction assign- 
ment homomorphism 

(3.13) (0 =) i/i($:</,c./j,J : //i(<I>:Te^/3 j $*i?V,,^,,c.c,^,/e., 

which is trivial since is a vector bundle over "Dg and Cc^ — > C^^ is smooth. 
Therefore, using the Cartesian squares 



(3.14) 



TT'p 



and the commutativity of (3.12), applying i?^7r-p*, wc sec that the composite 
coincides with the composite 

ifi(T^/^j^i?i($:T,„/^j-^$:i?v,^,j7v^(^^^^^^^,/,^^. 

Since the composite in the second line is trivial (cf. (3.13)), the composite in the 
first line is trivial. Using 

this is exactly the vanishing desired by the Lemma, □ 

Proof of Proposition 3.5. The composition of a with (3.10) is the of the com- 
position ^ 

where the first arrow is the 5^ in (3.9). Lemma 3.6 implies the of the above 

composition is trivial. □ 

Here we comment the background of this construction in Super-String Theories. 
Let K-^i be the total space of the canonical line bundle P^. The quintic polynomial 
^ defines a regular map Wp4 G r(^^^^ ). Its critical locus is the quintic threefold 
Q C P**. In physics literature, the pair (iirp4,wp4) is called a Landau-Ginzburg 
Model (non- linear). In [GS], GufHn and Sharpe constructed a path integral for 
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genus zero A- twisted theory of the Landau Ginzburg space {Kp* , wp4 ) [GS] . In this 
paper, we have constructed a mathematical theory generaUzing it to all genus. 

3.5. The virtual dimension. We calculate the virtual dimension of V. Let ^ = 
(/, C, L,p) £V be any closed point. The virtual dimension of V/Dg at ^ is 

dimF°(Ep/2,^ k(0) - dimiJi(Ep/2,, k(0). 

By the expression of , the above term equals to 

h°{L®^) + ® ujc) - h}{L®^) - h}{L-®'' ® wc) = 4 - Ag. 

Because 

dimSg = dim J)g/9Jlg + dimOTg = {h°{ffc) - 1) + 3^ - 3 = 4^ - 4. 
The virtual dimension of P at ^ is zero. 

3.6. Localized virtual cycle. We apply the theory developed in [KL2] . We define 
a subcone-stack 

/iV/iO(Ep/j,J,, C /iV/i°(Ep/D,) 
as follows. Let U CV he the locus where cti is surjective; we denote by 

D{ai)=V-l{ 

its complement. Since ai is surjective over U, it induces a surjective bundle- 
homomorphism 

(3.15) ailw :/iV/i°(Ep/2j XpW^Cw, 

where Cu is the trivial line bundle on U. We let ker(cri \u) be the kernel bundle-stack 
of (3.15); it is a codimension one subbundle-stack of /i^//i°(E-p/2)^) x-p U. 
We define 

(3.16) /iV/'-^Ep/sJ,, = (/jV/i"(Ep/j,J xp2?(ai)) Uker(^i|,,). 

It is closed in /hPiK-pf-x, ). We endow it with the reduced structure. (We call 
(3.16) the kernel of / {E-p ^) — > C-p induced by ai, where C-p is the trivial 
line bundle onV.) 

Proposition 3.7. The virtual normal cone cycle [Cp/^^] G Zt,h^/h^{E-p/^^) lies 
inside Z^h} /h'^{K-p/j)^)„^. 

Proof. This is Proposition [KL2, Thm 5.1]. □ 
In [KL2], Kiem and the second named author constructed a localized Gysin map 

)(7i — > A^-nD{a{), 

where — n is the rank of E-p/jj^. 

Definition-Proposition 3.8. We define the localized virtual cycle of {V,a\) he 

We define the virtual enumeration Ng{d)^4 ■= deg[A4g{F'^,d)P]^" . 

The number Ng{d)^4^ is the virtual counting of the Gufhn-Sharpc-Wittcn Model 
(■p, cTi). We call it the Gromov-Witten invariants of the moduli of stable morphisms 
to with p-fields, or of the Landau-Ginzburg Space (-K'p4 , Wp4 ) . 
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4. Degeneration of moduli of stable morphisms with ^-fields 

In the second part, we will use degeneration to prove that Ng{d)pi coincides up 
to a sign with the Gromov-Witten invariants Ng{d)Q of the quintic three-fold Q. 

The degeneration we will use is to degenerate the moduli V to the moduli of 
stable morphisms to the normal bundle to Q C coupled with p-field. After 
constructing a cosection of its obstruction sheaf, the degeneration admits a localized 
virtual cycle that provides the proof of the equivalence of two classes of invariants. 

4.1. The degeneration. We let V be the total space of the deformation of P** to 
the normal bundle of Q C P^; it is the blowing up of P** x along Q x 0, after 
taking out the proper transform of P^ x 0. Let 

(4.1) Qa^ --V^ and g,4 : F ^ P^ 

be the two projections. Then the fiber of V over c ^ is the P^, and the central 
fiber (over S A^) is the normal bundle to Q C P*. We define the degree of a 
morphism u : C ^ V he degu = deg(p o u)*ff{l). 

We form the moduli of genus g and degree d stable morphisms Mg{V,d). For 
the moment, we denote by 

{f,7t):C^VxMg{V,d) 

the universal family of M.g{V,d). Since q^i is proper away from the central fiber 

iV = y x^i 0, and since A-'^ is afRne, the composite q^i o f : C ^ A} factors through 
a Mg{V,d) A^. Its fiber over c ^ G A^ are Mg(P'',d); its central fiber is 

Mg{N,d). 

We now couple the stable morphisms with p-field. Let ^ = /*^(1) and ^ = 
■^~'^^®<^c/Mg{v,d) ^® tautological and auxiliary invertible sheaves. Like before, 
we define the moduli of stable morphisms coupled with p-fields be 

V ■=Mg{V,d)P := C{n^^), 

the direct image cone. It is over A^, and its fibers over c 7^ G A^ and G A^ are 

Vxj^ic^V, V X/,iO:=Mg{N,d)P. 

Here M.g{N,dY is the moduli of stable morphisms to N coupled with p-fields. 
Following our convention, we denote by 

(4.2) (/^,7rv):Cv^yxV 
the universal map of V. 

4.2. The cone over V . Wc construct the tautological cone C{y ) over V that will 
be used to construct the evaluation morphism Co of Cy. The evaluation map will 
be used to construct the obstruction theory of V. 

We let B = Vb(^(5)) be the underlying line bundle of over P ; let 

qfi : B X ^ B ^V'^ and Qai : B x A^ — > A^ 

be the (composite of) projction(s). We let t G T{fff^) be the standard coordinate 
function of A^. We introduce tautological sections over B x A^: 



(4.3) =q;4a;i Gr(q;4^(l)), t = cCi^t eT{&By.»), and y G r(q;4^(5)). 
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where y is the section so that the morphism 5 x — > Vb(^(5)) induced by y is 
the projection B x ^ ^ B = Vb(^(5)). (I.e. y is the pull back of the identity 
map B B.) 

Lemma 4.1. We have a closed immersion 

F^(s = 0}cBxA\ s = xl + ... + xl-i-y. 
Proof. We define 

<^:V -V Xp^iQ — > BxMt 

via ^*{xi) = q^iixi), = and <^*y = fr^ ■ (xf + . . . + where (?p4 : V ^ 

P'' is the projection, etc. (cf. (4.1)). By definition, the image of $ lies in s = 
and is an open immersion into s = 0. Using that V is the deformation of P'' to the 
normal cone of Q C P'^, $ extends to an isomorphism between V and 5 = 0. This 
proves the Lemma. □ 

In the following, we will view V (Z B x ^ using this isomorphism. We next 
construct the cone CiV) desired. We let W5 = €41 (resp. Wi = C®i^) be the trivial 
line bundle (resp. rank five trivial vector bundle) over A^. We consider the rank 
six bundle 

pr^i -.Wi Xai VF5 — ^A^ 

with the C*-action: C* acts on the base A^ trivially and acts on fibers of Wi_ (resp. 
W^) of weight one (resp. weight five). Namely, for z G Wi and y G W5, z'^ = az 
and y'^ = a^y. 

We let Wi = Wi — Owi , where Owi is the zero section of Wi . We introduce 

C{V) = (e = 0) C W* Xai W5, e = zf + . . . + zl - t ■ y. 

It is smooth and is C*-invariant. 

We claim that {W^ x^i W5)/C* is isomorphic to B = Vb(^(5), and under this 
isomorphism we have commuting (horizontal) quotient morphisms 

Xai Ws B 

(4.4) 

CiV) V 

Indeed, the top horizontal qoutient morphism follows from that of the weights of 
the C*-action on Wi Xai W^. To see the full diagram, we construct explicitly the 
morphism in (4.4). We let Ui C P"* be the open subset Xi ^ 0; we fix trivial- 
ization i^{5)\u. = i^u- so that the transition function (fij = xf/xj : i^UilutnUj 
^UjluiHUj- We define 

*i : {W^ - {zi = 0}) Xai W5 [B Xp4 Ui) x A^ 

via {{{zi),y),t) i-)- ((^, [^1, • . • ,z^),t). This collection {^i} form the morphism ^ 
in (4.4). 

By construction, * is C*-equivariant with C* acting trivially on B, and factors 
to a C*-quotient morphism 

p : C{V) V. 
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For later purpose, we describe the tangent bundles Tc{v)/t^ and Tc{v)- Using 
the defining equation of Ciy), they fit into the exact sequences 

(4.5) Tciy)/K^ &f^y) ® ^C(V) A ec(v) 0, {d't = 0), 

where d' is the relative differential and d'€\(^(^zi),y,t) sends {{zi),y) to '^5zfzi — ty; 

(4.6) Tc(y) ^®(V) ® ffc(v) ® ^c(v) A ffciv) 0, 

where (ie|((2,),y,t) sends {{zi),y, i) to ^4^i - ty - yi- 
Together they fit into the exact sequence 

(4.7) — > Tc(v)/A^ — > '^c{v) — > ^c{v) — > 0. 

4.3. The evaluation maps. We now construct the evaluation morphism of Cy. 
Since F is a family over A^, it is natural to construct the obstruction theory of V 
relative to Dg x . 

To this purpose, we introduce 'I)g =1!)g x A^, viewed as a stack over A^; denote 

by 

'^S, X Al ^ 2)g X Al = 

the universal curve, and denote by the pull back of via C;^ Cj) . 
We form Vb(.5f|^)* = Vb(Jf|^) - 0^^, and consider the bundle over C©^: 

(4.8) Wh{^^y xc,^ Vb(^|^^) Cg^. 

Note that for each ^ e Cjjg, the fibers of (4.8) over ^ x A^ c 2)g is isomorphic to 

(L®5 - 0) X L®5 X Ai ^ Xai Ws, L ~ ££®l ®c^^ k(0, 

where the isomorphism is uniquely determined by an isomorphism L = C, and two 
different isomorphisms are equivalent under a scaling of (C^ — 0) x C by a c G C* 
with weights (1, . . . , 1, 5) on the factors of (C^ - 0) x C. 

We let C* acts on the bundle (4.8) fiberwise with this weights. We obtain the 
quotient A^-morphisms (the A^ is the base of ->■ A^ and of 2)g = S)g x A^ A^) 

Vb(^|^5)*xc-Jb(^|^5) (Vb(^|^5)*xc~ Vb(^|^5))/C* (W^i*XaiW^5)/C* 
We define 

(4.9) Z' = (Vhi^^r xc^^ ^H-^tJ) XiWi.^w,)/C' V; 

it is the preimage of F C {W^ x^i Wr,)/C* of the morphism above (4.9). We define 

(4.10) Z = Z' Xc^^Yh{I^^^). 

Wc now construct the evaluation morphism 

(4.11) e„ : Cv ^ Z. 

We let = /v^(l)> where (/v,Cv) is the universal family of V (cf. (4.2)), let 
= Jfy®^ (8> wcv/v be the auxiliary invertible sheaf, and let 

(4.12) p e r(Cv, <^v), Ui = f^xi e r(Cv, jSfy) and t) = e r(Cv,^^ 
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(cf. (4.3)) be the universal p-field and the tautological coordinate functions. Note 
that (Cv,JSfv) induces an A^-morphism V ^ Dg so that (Cv,JS?v) is isomorphic to 
the pull back of (Cg , .if^ ) . 

Then the definition of C S x implies that the sections in (4.12) satisfy 

ul+ul + ul+ul + ul-t-\) = 0, 

where t is the coordinate function of A^ mentioned before. Therefore the section 
(('^i)i=ij 9jP) defines a section of 

2 Xc Cy > Cy. 

This section induces a Cy-morphism C\; ^ Z Xq- Cy- Composed with the projec- 
ts 

tion 2 V — > .H, we obtain the evaluation morphism over in (4.11). 

4.4. The obstruction theory of V/'Dg. We will build the obstruction theories 
to carry out the degeneration for virtual cycles. We first construct the relative 
obstruction theory of V — > 25g . The restriction of this obstruction theory to fibers 
over c G A^ will give the relative obstruction theories of Vc = V x^i c — >^ 

Wc begin with a description of the tangent bundle T^,^^ . Let g : Z' ^ 
be the tautological projection. Using the explicit description of Ic(y)/Ai given in 
(4.5), and the construction of Z' in (4.9), we see that f^^, fits into the exact 
sequence 

Z'I'Zg 

where d£ restricted to {{zi),y,t) G Z' sends {{zi),y) to Y^bzfzi — ty. (cf. (4.5).) 
Using that ^y = /y^(l), wc obtain 

(4.13) K^l'/c^^=fv<^ and e^O^/c-^ ^ /y^ © ^v, 
where on B x ^ is defined by the exact sequence 

where d's is the differential of s in (4.1), after setting d't = 0. (Recall that V C 

B X A^ by Lemma 4.1.) 

We have a similar description 

(4.14) K^l'/c^^=fv'^ and e^f^^/c^^ = /{^JT © ^y, 
where Jt" is defined by the exact sequence 

(4.15) 0^^^g;4^(l)®^©g;4^(5)eg];4^Ag;4^(5) ^0, 
where d's is the differential of s in Lemma (4.1). 

Proposition 4.2. The pair V — > 2)g admits a perfect relative obstruction theory 

Its specialization at € ^ (resp. e A^^ give the perfect relative obstruction 
theory of (j)-p/s^ (resp. (l>Mg{N,d)v/sJ- 
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Proof. We fit eti : Cv Z (cf. (4.11)) into the commutative diagrams 



(4.16) 



pr 



where the left one is Cartesian. Using 

(4.17) -vjvj^, = Tcv,/c^^ ^ et,J^/c- = t*yT^fc^^ 
and applying the projection formula, we obtain 

(4.18) : ^ i?Vv,,et,^T^/c-^ . 

Let & be the moduli of section of ^ — > constructed in Subsection 2.2. Because 
the evaluation morphism z„ induces an open immersion V ^ &, using Proposition 
2.5 implies that 0y is a perfect relative obstruction theory. 

Finally, the fiber product of every stack in (4.16) with c 7^ £ gives the 
diagram used to construct (/>-p/s)^. Using tc : V x^i c ^ V, the functoriality of the 
construction ensures that ^p/Sg is the composition of T-p/2)g ~^ ^c'^v/Sg with 

In case c = 0, we define E^^^^^ dy/Dg ■~ ''O^v/Vg ■ '^^^^ proves the Proposition. □ 

4.5. The obstruction theory of V/Dg. To compare the virtual cycle of Vo with 
Vcjio, we need the relative obstruction theory of V — ^ Sg. 
We using the (py^^ just constructed. We let 

(4.19) ^ q;,^r^ ^ ^BxA^ 

be the composition of i in (4.14) with the projection to the last factor. We form 

where the first arrow is i?'7rv* of (4.19), and the second arrow if the tautological 
homomorphism from a two-term complex to its . 

We let C{ijy) be the mapping cone of /i^, and let C{^^y be its dual. It fits into 
the distinguished triangle 

(4.20) i?i7rv*^Cv[-2] Citx^Y i?*7rv*/{;jr ^iJ^TTy^^Cvhll- 
We define 

K/Sg ■■= R*7Tv*{fv'^(B^v) and Ey/j,^ := C{n''y(BR*7Tv*^v- 
Then one has 

(4.21) i?Vv,^Cv[-2] > Ev/s, K/Vg i?Vv*^Cv[-l]- 

By construction, Ey is a derived object representable by a two-term complex of 
locally free sheaves; its is 

Since (4.19) is surjective, H^{l^) is also surjective. 
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We now derive the perfect relative obstruction theory of V — )■ Substituting 
Dg and C^g in Proposition 4.2 by Dg and C^g respectively, and following the recipe 
in the proof of Proposition 4.2, we obtain a morphism 

(4.22) : Tv/Dg R*wVfz/c^^ ^ R*TTv*{fv'^ ® ^v) ■= K/v,- 

Since moduli of sections of ^ Dg is isomorphic to the moduli of sections of 

Z Dg, where Z Dg is via the composite Z Dg — t- Dg, both are V, thus 
Proposition 2.5 implies that 4>\;/^ is a perfect relative obstruction theory. 

According to Proposition 4.2, the obstruction sheaf of ^y/Sg extra factor 

R^TTv*^Cv compared with that of (fi-p/^^ and of 0;v(g(JV d)p/3)g- solution is to 
lift it to a new obstruction theory (cf. (4.21)) 

(4-23) 'Pv/'Sg ■ Tv/Sg — > lEy/Sg 

whose obstruction sheaf is parallel to that of (f>-p/z>g and of cfyj^ dy/D ■ 

We denote by x : Cy ^ Ct: the tautological morphism covering the tautological 
projection r shown in the Cartesian square 

I 

V Dg. 

Applying T./Ci,g to evaluation Cj^^-morphism e„ : Cv ^ 2 (in (4.16)), the 
identity 

t = pr oco : Cv — >■ Z — > C;^ 
provides us a commutative square 

^»^^/c^g > (Pr°e„)*n^^ /c,g =^Cv 



applying projection formula to both vertical arrows, we further obtain the commu- 
tative diagrams 

(4.24) j-^v/Bg I 



Tv/Sg > = w 



This shows that /i o (/)y^jj = (cf. /i is in (4.21)). Applying Hom(Ty/j)^, •) to 
(4.21), we conclude that the morphism </'yyj, (in (4.21)) lifts (non-uniquely) as 
stated in (4.23) such that 

(4-25) ??°'^v/Sg = 0v/Sg- 

Proposition 4.3. The homomorphism ^v/d o. perfect relative obstruction the- 
ory of V^Dg. 
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Proof. We only need to check the criterion of perfect obstruction theory stated in 
the proof of Proposition 2.5. Namely, we need to show that to any square zero 
extension T c T' of affine schemes by J, and a commutative square 

T V 



r 



the arrow (pv/Vg assigns an element tn(m) 6 i7-^(T, m*Ev/s5g <X) J) (cf. (2.6)) such 
that there is a lifting m' : T' — >■ V of the square above if and only if w{m) = 0. 

Recall that 4>'v/^g is also a perfect relative obstruction theory. We let zu{my G 
iI^(T, m*Ey^jj^ ® J) be the associated obstruction class. Since <Pv/Dg is a lift of 
(t>'y/^^, tt7(m)' is the image of w{m) under the homomorphism 

H\r]) : H\T,m*Ev/s^ ® J) ^ H\T,m*{R*7rv*E'y^^^ J) 

induced by the rj in (4.21). Because of the distinguished triangle (4.21), H^{rj) is 
injective. This proves that w{m) = if and only if w{m)' = 0. Since the later is 
the obstruction class, the former is too. 

The other part of the criterion follows from the same reason. This proves the 
Proposition. □ 

4.6. Comparison of obstruction theories. Let c S be any closed point. We 
denote the restrictions to fibers over c by 

("c : Vc = V x^i c-^ V and eo,, = eolcy^ : Cy^ = Cy Xy Vc — > 2^ = Z x^i c. 

Recall by Proposition 4.2 that composing the tautological Ty^/jj^ — > l*^^!^ with 

''c'i^V /'Z g gi'^^s the perfect relative obstruction theory 



(Note that for c ^ 0, Vc = Mg{F'^,d)P, and this obstruction theory coincide with 
the one constructed in Subsection 3.1.) 

We now compare the obstruction theory ^v/Dg with ^y^/jj^. Using the tauto- 
logical exact sequence 



(4.26) 







0, 



we obtain a morphism of distinguished triangles (the top line is an exact sequence 

of sheaves): 

— ^ e* (f^^,. . ^ ^. ^ +1 







(4.27) 



X 



T, 



Tc./Cv[l] 



+1 



By projection formula, we have a morphism of distinguished triangles 



ii*7ry^*^yj-l] 



/3' 



1E( 



(4.28) 



T 



Vo/V 



V/VgWc 



+1 



+1 
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Applying the mapping cone construction (4.21) to the top row of (4.28), and using 
the octahedral axiom, we obtain a compatible diagram of mapping cones 
(4.29) 



nlvc 



Restricting the perfect obstruction theory (^v/Sg (cf- Proposition 4.3) to Vc, we 
obtain the following (not necessarily commuting) homomorphisms 



(4.30) 



<t>V/Sg \Vc 



V/VglVc- 



We consider 

S = (pv/Vg Ivc o 70 - o (^Vc/Sp : TvjSg 



E- 



V/DglVc 



Applying the commutative diagrams (4.25), (4.29) and (4.28), we conclude that 
v\vc ° ^ = v\vc ° "^v/Dp Ivc o 70 - ?7|vc ° /^o o <i>Vc/Tig = (p'v/Vg \vc°lo-P'o (kvd'Sg = 0- 

Therefore, 5 factors through E}'Ky^^ffv^[—2] — >■ Ey/j)^|v„. 

Because of this, after applying the truncation functor t<i to (4.30), we obtain a 
commutative square 



E 



E- 



(4.31) 



, <i 

''Vc/Zg 



<i 

Vc/'Zg 



70 



, <1 

''v/33, 
<1 



On the other hand, applying the truncation functor t<i to the left square in (4.28), 
we obtain another commutative square 



(4.32) 



, <i 

^Vc/^g 



<1 

Vc/V 



Vc/^g- 



Combined, we have a commutative diagrams 



(4.33) 



,<i 



.<1 



+ 1 



,IVc 



<i 



<i 



70 



I<1 



By (4.29) the top row is a distinguished triangle (but not the lower one). 
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We comment that applying results in [KKP] , this diagram implies that the virtual 
cycles of Vc is the pull back via ic : Vc — > V of the virtual cycle of V. In our case, 
we are using localized virtual cycles via cosections of the obstruction sheaves, thus 
we need to construct a cosection of the obstruction sheaf 

Obv = coker{rs^ i?^(Ev/£)J}. 

4.7. Family cosection. We first construct a cosection of the obstruction sheaf 
06yyg . The construction is parallel to the case V = A4g{¥^, dy. 
First, we define a bi-linear morphism of bundles 

h : Vb(^|; ® ^g^) Vb(^|;) xc^^ Vb(^g^) Vb(^,„^/5;. 

Here the first arrow is (pr2,pr3), where pr^ is the i-th projection; the second arrow 
is induced by tensoring of sheaves of Gq- -modules 0^;^ — > . Using 

that the family Z — > in (4.10) is a subfamily 

Z c Vb(if J^)* xcj^ \h{^f) xc-^ Vb(^5^) c Vb(^|^5 ©.5f^5 © ^5 J, 
composing with /i, we obtain a -morphism 

(4.34) ^^vb(a;,_^/5j. 

Lemma 4.4. T/ie homomorphism (4.34) induces a homomorphism 

whose restriction to V x^i c = V, c ^ 0, is proportional (by an element in C*) to 
(T* m (3.7). 

Proof. The proof is exactly as in Section 3.2. We will omit it here. □ 

We denote 

(4.35) a = H\a') : Ob^^^^ := H\E^^^J ^ R\v*coc^/v = ^V- 

Let q : V — >■ 2)g be the projection. The distinguished triangle q*ILg — >■ Ly — )• 
~^ [^] gives a morphism q*T^ — ^ "^v/s t-'-J' '^'^ich composed with 

• gives 

Taking the cokernel of the of this arrow, we obtain the absolute obstruction 
sheaf 

(4.36) Obv ■= coker{ifO(7?) : q*^^^ ^ H\E^^^J}. 

Lemma 4.5. Th following composite vanishes 

(4.37) q*0^^ "^'>H\E^^^J^R^nv.u;c^/y. 

Proof. The proof is exactly the same as the that of Proposition 3.5, and will be 
omitted. □ 

This immediately gives 

Corollary 4.6. The cosection a : Ob^^^^ lifts to a cosection a : Oby — > Gy. 
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Lastly, we describe the degeneracy (non-surjective) loci of a. As before, we say 
tJ is degenerate at ^ € V if is not surjective (i.e. is trivial). Let ^ e V be any 
closed point; ^ is represented by 

for {C,L) G Dg the point under ^. Then cr|{ : Ob^^^ |^ ^ C is identical to the 
composite of the inclusion 

with the pairing 

defined via (((^i), b,p) i->- b-p+b-p. Like the proof of Proposition 3.4, this description 
shows that the degeneracy loci of a is A4g{Q,d) x C V, where the inclusion is 
via vanishing p-fields and the inclusion Mg{Q,d) x C Mg{V,d) induced by the 
tautological inclusion Q x A^ CV. 

Lemma 4.7. The degeneracy loci of the cosection a is A4g{Q,d) x A^ c V; it is 
proper over . 

Proof. We first need to verify that cr is as given. The proof of this is exactly the 
same as that of Lemma 3.2. Using this description, we argue that the degeneracy 
loci of the cosection a : Oby/j)^ — > ffy is Aig{Q,d) x A^ c V; thus is proper over 
A^. Since a is a lift of a, the degeneracy loci of a coincides with that of a. This 
proves the Lemma. □ 

4.8. The constancy of the invariants. By direct verification, the virtual di- 
mension of V is one. Using Lemma 4.7 and Corollary 4.6, following the convention 
introduced in Subsection 3.6, we denote by 

the kernel of a cone-stack morphism /h°{Ey/j) ) Cy induced by a defined as 
in (3.16).2 
Let 

[Cp/sJ e Z,/iV/i"(Ev/3,) 
be the intrinsic normal cone embedded using the obstruction theory (py . Because 
of Lemma 4.7 and Corollary 4.6, applying [KL2, Thm 5.1] we conclude that 

[Cp/Sg] G Z^h^/h°{Ev/^J^. 

We then applying the localized Gysin map [KL2] 

0^,i„, : A./iV/i°(IEv/»Ja A4MgiQ,d) X A^). 

Definition 4.8. We define the localized virtual cycle of (V, a) be 

[V]f := 0^,,oc([Cv/dJ) e A,(Mg{Q,d) X A^). 

Now let c S A^ be any closed point and let jc ■ c ^ ^ he the closed inclusion. We 
denote A/" := V x^i 0. By the compatibility stated in diagram (4.33) and Corollary 
(4.6), we apply [KL2, Thm 5.3] to obtain 

^It is /j^//i'^(Ey/j)^) along the degeneracy loci and is the kernel of /h^{^v/xig) ~^ 
induced by cr away from the degeneracy loci. 
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Proposition 4.9. Under the shriek operation of cycles (c=^ 0), 

j:mr) = [p]™ e AoMg{Q,d), jumn = mi" e AoMgiQ,d). 

Here [N]^" is the localized virtual cycle using the obstruction theory of M in- 
duced by the restricition of (f^^^^ (Prop 4.2) and the restriction of the cosection 

CTo = 

5. GROMOV WITTEN invariant of (KnjWn) 

We continue to denote by 

r:N 

the normal bundle to Q in P^. Let bo the total space of the canonical line 
bundle of N, which is isomorphic to the underlying line bundle of the pull back 
r*^(— 5). The duality paring i^q(5) (8)^^ 5) Gq defines a regular function 

wjv € V{&Kn)- The degree deg[Ar)J'J' are the Gromov-Witten invariants of the 
Landau-Ginzburg space (Kn,wj\j). 

We denote by Mg {N, d) the moduli space of genus g degree d stable morphisms 
to N, where the degree is measured by their images in via N ^ Q G F*. Because 
N = V x^i 0, canonically Mg{N, d) =V x^i 0. The moduli of stable maps coupled 
with p-fields is identical to J\f 

M ■.= V Xj^lO = Mg{V,d)P Xj^lO^Mg{N,d)P. 

We let 

be the universal map of Af. By definition, it is the restriction of (/y, Try, Cy) to the 
fiber over € A^. 

5.1. The invariants and the equivalence. As indicated in the beginning of 
Subsection 4.6, we have evaluation morphism 

e_\f : Cj^ — > Zq = Z x^i 0. 

By construction in Proposition 4.2, 

is a perfect relative obstruction theory of AT/Dg, which is identical to the restriction 
of to the fiber over S A-^ . 

We let (To be the restriction of a to J\f: 

(5.2) (To = (t|a/- : Ob^r/^g — > 

Proposition 5.1. The cosection oq lifts to a cosection ao ■ Obj^ Gj^. The 
degeneracy (non-surjective) loci of the cosection ao is Mg{Q,d) C Mg{N,d)^ ; thus 
is proper. 

Proof. This follows directly from Lemma 4.7. □ 

Because the virtual dimension of V is one, the virtual dimension of TV is 0. By 
Proposition 3.4, applying cosection localization Gysin map [KL2, Theorem 5.1], we 
obtain 
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Definition-Proposition 5.2. We define the localized virtual cycle of Mg{N,d)^ 
be 

[M,{N,dfYf ■■= 0- ,ioc([CM^(iv,d)p/2)J) e AoM,(g,d); 
we denote Ng{d)K^^ = deg [Mg(Ar, d)^]™. 



We call Ng{d)KNQ the formal Landau-Ginzburg Model. 
Theorem 5.3. For any positive d, the invariants coincide: Ng{d)^4 
Proof. It follows directly from Proposition 4.9. 



: Ng{d) 



□ 



5.2. Comparing with the GW invariant of Quintics. We now show that the 
formal Landau-Ginzbnrg model gives the same invariants as the Gromov-Witten 
invariants of Q up to signs. 

We first construct a perfect relative obstruction theory of .AT — > Q. In the fiber 
product over Dg 



(5.3) 



Q~ MgiQ,d) 



^9, 



lgy^,U,J T ^g, 

where C{TT'Sg*{.^§^ © ^Vg)) is the direct image cone constructed in Subsection 
2.1, the morphism 7 pulls back the relative perfect obstruction theory 

(5.4) T^/^g 
to the morphism 

^A^/Q : T^/Q — ^ ^jV/q ■= 7*IEc/s)g. 
By Proposition 2.5, 4>j\f/Q is the perfect relative obstruction theory associated 
with the direct image cone stack Af = C(7rQ,(.5fQ^ © ^q)) relative to Q = 

Mg{Q,d). 
We define 

(5.5) = yH^Sg )* xp4 Q. 
The evaluation maps of A/" and Q fit into the diagram 



Cq 



yh{^§^)x^g vhi^^g) 



where the right square is a fiber product of smooth morphisms, and vc is induced 
by the vertical arrow v in diagram (5.3). 

The diagram associates a morphism between distinguished triangles 

+1 , 



T, 



^C^C^/C^g 



+1 
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Denoting Ea^/q := i^j\f*G*j\fTza/o.^ then by the projection formula we have 



+1 



(5.6) 



'^A/'/Q ^ "^JV/Sp - 



<PQ/Sg 



+1 



Composing the coscction : Ohj^j'^ — >■ ^jv" (cf. (5.2)) with iJ^(EA/-/Q) — >■ 
i?^(E_^/x,^), we obtain 

ctq := Ohj^iQ — > 

Arguing similar to Proposition 5.1, one sees that the degeneracy loci of u'q equals 

Now let U := A/" — Q; it is open in A/", and both cto and o'q are surjective on U . 
By the octahedral axiom, we have a diagram 



(5.7) 



XQ 



X 

E' 



^11 



+1 



where all rows and columns arc distinguished triangles, and the two vertical rows 
to 1] arc induced by (Tq and (Jq, respectively. 

Lemma 5.4. There are perfect relative obstruction theories <P'u^q of U/Q and 
(pu/Sg ^fU/^g that fit into a compatible diagram 



E' 



(5.8) 



t: 



U/Q 

'u/Q 

<1 



E' 



*E 



+1 



4- T 



<i 



<1 



+ 1 



Proof. Applying the truncation functor t<i to <?f>A/'/J)a |c/> we obtain 



i<i 



Then the commutative diagram 



<1 



T 



H'{TM/^g\u) > Obj^/^Ju 

implies that the composition of (pf^^^ \u with Mj^^^^lu — >■ ^c/[— 1] vanishes. Hence 
^f/Vg \u = X° 4>'ui'Sg for some 



v*E, 
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It is direct to check ipu/Tig is a perfect obstruction theory, and the middle square 
of the diagram (5.6) commutes. By similar reason the r<i truncation of ^j^/q\uj 

4'M/q\u ■■ T^^g — > E7v-/q|c/, 
has its composition with ]Ej\^/g|[/ ^[/[— 1] vanishes and lifts to a 

such that (t>j^/Q\u = XQ ° ^'u/q- '^^'^ ^'^P A := 6'b o (t>'jj/Q - 4>'u/'Sg o 9 va. (5.8) 
thus satisfies x o A = 0, hence A factors throught a morphism ffu[—'A — ^ ^'c/Sg' 
which imples A = 0; this is because when applying the truncation functor t<i one 
obtains t<i(A) = A and T<i(^i7[-2]) = 0. □ 

We now quote the virtual pull-back construction of Manolache in [Ma]. First 
the compatibilty diagram (5.6) fits into the condition two in the construction of 
Manolache in [Ma]. Let Cj^/q be the intrinsic normal cone of N relative to Q and 
let i : Cj^/Q — > h} /hP{K^iQ) be the inclusion by the relative perfect obstruction 
theory (5.4). We let G' be the kernel of the morphism of bundle staks 

G' = ker{a^, : G := /iV/i°(E^/q) Cj^}, 

where the arrow in the bracket is induced by the cosection CTq, and the kernel is 
defined in (3.16). By the Cosection lemma in [KL2] and Lemma 5.4, we have 

(5.9) i{CM/Q) C i(7*C£/j,J C G'. 

Note that here the virtual rank of the bundle stack G is zero. 

We generalize the construction in [Ma] and give a virtual puUback morphism of 
cosection localized classes 

defined as the composite of 

(5.10) AM^A,Cj^/Q^A,G'°'-^'A,Q, 

where O'^^ is the localized Gysin map defined in [KL2], and C defined by first 
sending a cycle X^^sl^d to I^'^i[Cy. xqAA/vJ, and then descending it to cycle class 
group. Note that maps to A^G' is due to (5.9). 

Following the same argument as in Corollary 4 in [Ma] , we have 

Lemma 5.5. 

rG'{[Qri = U^AN,dnJ:&AoQ. 

Proof. One needs to show that the KKP's deformation to normal cone lies inside 
the kernel of the cosection, which follows from the Lemma 6.3 in Appendix and 
Lemma 5.4. □ 

We now prove our main Theorem. 
Theorem 5.6. We have 
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Proof. We first compute the degree of the zero cycle %/([$]) G AqQ, where ^ is any 
closed point in Q. Let ^ be [u, C] G Q. We denote 

Vx = H°{C,u*&{b)), V2 = H°{C,u*ff{-^)®uJc) = V^, ^ = ^10^2. 

It is direct to check {v is defined in diagram (5.3)) 

v-^^:=MxQ^^V, G\^-.^^[V /V], 

where the action oiV onV x V'^ is via the zero homomorphism : V — >■ ^ x . 
One also checks that the coscction ctq restricted to u"^^ is induced by 

a^:V xV'' = {Vi® V2) x {V^ © V:^) C, 

given by dual parings Vi x V^^ — >■ C. 

Applying the composition (5.10) step by step, from 

we have 

^G^m) = 0- „ioc(Cy/€) = (-1)™"'^^^] = i-ir+'-n^] g aoq. 

Here the second equality follows from 

= [Vx 0/V] c[Vx V'/V] = GU-if , 

and [KL2, Example 2.9]. Finally rank]/ = 5d + 1 — 5 by Riemann-Roch theorem. 
Taking degree, 

Since both [Q]""" and \Mg{N,d)^]™ in Lemma 5.5 are of zero dimensions, taking 
degrees wc obtain 

dcg [Mg{N,dfYJ; = dcg ^a-m) ■ deg [Q]"'" = (-l)5'^+i-^7V,(d)Q. 

This proves the second identity in the statement of the theorem. The first identity 
is Theorem 5.3. □ 

6. APPENDIX 

We recall some useful facts known to the experts. 

6.1. Kresch-Kim-Pantev's construction. Let 5 be a stack. 

Convention. For a complex (derived object) G on S, we denote G{k) without 

further commenting to be 

further, whenever we see a complex over S appearing in a sequence involving com- 
plexes over S xF^, we understand the complex as its pull-back from S. 

Definition 6.1. Let Ei — — > E3 be a distinguished triangle of objects in 
0(5*) whose cohomologies concentrated at non-positive degrees. Assume Ei is of 
amplitude in [— l,oo]. Let [x,y] be the homogeneous coordinates ofF^, and let 

b : Ei(-l) ^Ei ®E2 

be defined by {x ■ l,y ■ b). We form the mapping cone c{b) ofb, which fits into the 
distinguished triangle 

Ei(-l)AEieE2 ^c(6) A. 
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Applying the h^/h'^ construction to c{hY , we obtain / h'^^ {c{bY ) , which is a cone- 
stack over S' X Pi [BF]. Following [KKP] we call it the deformation of h'^ /h°{E'^) 
to /iV/iO(E^) xs/iV/tO(E^). 

Let i : X ^ Y and j : Y ^ Z he morphims of relative Deligne-Mumford type, 
between stacks. Let 

(6.1) i*^Y/z -^Lx/z — > Lx/r ^ 

be the induced distinguished triangle of cotangent complexes. We quote the main 
theorem of [KKP]. 

Proposition 6.2. [KKP] We have a natural isomorphism 

A^xxPVM",, = h'/h\c0y). 
Now we stated a truncated version which is dual to Definition 6.1. 
Lemma 6.3. Let 

be the truncation by r<i of the dual of the distinguished triangle (6.1) . (It is not 
a distinguished triangle.) Let co(fc) be defined by making 

co{k) — ^ i*Tf © T|J^ a i*Tfj^ (g) ^pi (1) 

a distinguished triangle, where k = (x,y ■ k) as in Definition 6.L Then there is a 
natural isomorphism 

h^/h\c0Y) ^ h^/h\co{k)). 

Proof. Using simplicial resolution of Illusied, wc can represent i*Ly/2 and L^/z by 
perfect complex (over X globally) of amplitude [— oo, 0] and represent /? : i*h,Y/z 
Ljf/z by a homomorphism of between these two complexes. Prom this it is direct 
to show that the canonical morphism 

(6.2) co(fc) cCPY 

induces isomorphisms on and of the two complexes in (6.2). Hence their 
truncations by t<i are isomorphic under this arrow, which shows that the cone- 
stacks of the / /?" constructions of the two complexes in (6.2) are isomorphic under 
the arrow induced by (6.2). □ 

6.2. Application. We recall the rational equivalence inside the deformations of 
ambient conestacks constructed by Kim-Kresch-Pantev [KKP]. 

Let Z be an Artin stack, locally of finite type and of purc-diincnsion. Let F be a 
stack and Y ^ Z he & morphism of relative Deligne-Mumford type. in the derived 
category of coherent sheaves on X. Let (resp. F"^, V^) be a perfect relative 
obstruction theory of X/Z (resp. Y/Z, X/Y). 

Definition 6.4. We say F and E are truncated- compatible (verses (V, s)) if there 
exists a commutative diagram 



(6.3) 



^ E — ^ Fjx 

+1 
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such that its top row is a distinguished triangle, and its bottom row is the first line 
in Lemma 6.3. 

Accordingly, the morphisms g and k in (6.3) induces homomorphism g and k 
that fit into a homomorphism of distinguished triangle's 

g 



co{g) > F|xeE F|x(l) 



+1 



co(fc) > ^f/z\x®Tf/z — ^ Tf/z\x <E> ^P^{1) 



+1 



where co{g) is to make the first row a distinguished triangle as co(fc) did in Lemma 
6.3. We let My^^ be the deformation oi Z to the normal cone Cy/z \ let Cxxpi /m" ^ 
be the normal cone to X x in Aify/^, and let A'xxpi /m'^/z ^^"^ normal sheaf 
of X X in My^z- functoriality of the h^ /h^ construction, we have 

(6.4) V := ^pi/MO/^ C iVxxPVMO/^ = /h°{co{k)), 

where the isomorphism is proved in [KKP] and Lemma 6.3. We also have the 
inclusion 

(6.5) h^/h\co{k)) C h^/h\co{g)) ^ h^lh\c{Wy), 

where h^/h°{c(g^Y) is the deformation of h'^/h^(^) to /iV/i"(F|x) xx /iV/i"(V) 
as in Definition 6.1. This shows that the truncated compatibility (6.3) is sufficient 
to apply Kresch-Kim-Pantev construction of rational equivalence. 



6.3. Obstruction class assignments. Assume there is a smooth morphism of 
Artin stacks H ^ W. Suppose T C T' is a pair of afhne schemes such that 
J := It/t' and = 0. Fix a morphism T' Dg, which pulls back Tr^g : C^g 25g 
to ttt ■ Ct and ttt' : Ct' — >■ T'. Assume there is a commutative diagram 

Ct — ^ H 

(6.6) I 

Ct' > W. 

Since the ideal sheaf of Ct C Ct' is tt^, J, it is a square zero extension. We 
denote Vr ■= ^*^h/w ^^^^ Vr is a locally free sheaf over Ct- The diagram (6.6) 
provides a morphism 

(6.7) = t*'LH/W ^ ^Ct/Ct., = T^T^T/T' ^ ^C^Cj,' ^ '^T^i'^]^ 

(here e* denotes derived pull back) which defines an element 

ui{e, H, W) e Ext^^(T4f, TT* J) ^ H\Ct, Vt <8> tt^, J). 

Lemma 6.5. (jj{c, H,W) = if and only if the diagram (6.6) admits a lifting 
Ct' — >■ H that commutes with the diagram. 
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Proof. We form the diagram 

Xq := Ct ^ X := Ct' 



(6-8) Yo:=HxwCt — ^-^ Y := H Xw Ct' 

A 

Ct — ~ — ^ S '.= Ct' 

where i and j are extensions over S. By construction, the associated homomorphism 
of sheaves 

is an isomorphism. If e lifts to a CT'-morphism e' : X ^ Y , then the X — > Ct' is 
an isomorphism. 

Following the steps in the proof of [II, Thm 2.1.7], the obstruction to the existence 
of such e' (in the notation of [II]) are constructed as follows. First one has a sequence 
of cotangent complexes 

(6.9) l^x,/Y,[-l] ri.Y,/s rWo/r e*L|7V ^ ^tAA, 

where the first (left) morphism comes from the triple Xq ^ Yq ^ S; the middle 

morphism is induced by ^Yq/S ~^ ^Yq/y- 

Using \^Xa/Ya = [1]; this scqucnce associates an element 

G Ext|„(Lxo/y„,^^^J) = ^^t]c^{V:^ ,tt*tJ) = H\Ct.Vt ® tt*tJ). 

The argument in [II, Thm 2.1.7] shows that a;(e, j) = if and only if a lift e' : X -> F 
exists in the diagram (6.8). Such lift exists if and only if a lift e' : Ct' H exists 

in the diagram (6.6). Hence wo only need to verify that a;(e, j) — a;(e, H, W). 
To this end, wo verify the commutativity of the following diagram 

L^o/VoI-l] > e*Lyo/S > t*l^Yo/Y 

(6.10) ^ ^ 

where the first vertical arrow is an isomorphism because = 0; the left square is 
commutative because the canonical ^Yq/s ~^ ^Yq/Xq induces a z*I^Yo/s ~^ ^*^Yo/Xo 
that splits the left square into two commutative triangles of cotangent complexes; 
the third vertical arrow is composing l^Xa/S — ^*^Xa/s with the isomorphism 
A*LjfQ/s ^^l^Y^iY ■ The right square is commutative because one has a canonical 
puUback e*Lyjj/5 — > ^Xq/s and a commutative diagram 

e*LY-o/s > e*Ly„/r 

^ _ 

The upper and lower rows of the diagram (6.10) are repectively sequence (6.7) and 
(6.9). Thus the commutative diagram (6.10) implies w(e,j) = ijo{t,H,W). □ 
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